Abstract
INTRODUCTION
In the Reference [1] , we developed a new form of the Prandtl Meyer (PM) function at high temperature (HT) applied when the stagnation temperature (combustion chamber, ambient air) of the flow is high, as a generalisation of the PM function of the Perfect Gas (PG) model.
We know that the design of any supersonic nozzles and the calculation of a supersonic flow are based on the application of the method of characteristics which is formulated on the PM function. The supersonic flow calculation is made in each chosen point of the field, where it is necessary to calculate the value of the PM function. Then the choice of an efficiency quadrature which makes fast calculation with very high accurary is mandatory.
The aim of this work is to present a robust quadrature which can make fast calculation process answering the specificity of the function and to make comparison with the Simpson method [1] . The integration contains always the critical temperature.
With a much reduced number of points, the function can be calculated with a very high precision. The difficulty arises in the application of this quadrature is that the points of integration are non-rational number [5] .
MATHEMATICAL FORMULATION
From reference [1] , the value of ν for a Mach number 0 . 1 M > ( * T T < ) at high temperature is given by the following relation:
where,
are given in References [1] and [2] , where:
The expressions of ) T ( C p and ) T ( H are presented in Refs. [1] and [2] . The PM function is connected directly with the temperature. In this relation, the temperature corresponding to the Mach number must be determined by the resolution of the {Eq. (3)}. The calculation process of * T and s T are presented in reference [2] . The calculation of the value of ν needs to integrate the function ) T ( F ν , where the analytical procedure is impossible, considering the complexity of this function. Therefore, our interest is directed towards numerical calculation. The function ) T ( F ν has the following properties It contains only positive terms and the square root some is the interval of integration.
It is a regular function and it hasn't a singularity. In other words, the function to be integrated is completely defined in the closed interval for any values of s M and 0 T .
It is zero for * T T = and has an infinite derivative at this temperature. Consequently, the successive derivates of higher order present a singularity at point * T T = . Then, we can write:
The numerical integration quadratures based on the area calculation of the function (2) requires a very high discretization to have a suitable convergence, considering the result (4).
A major disadvantage for those quadratures is that no information on the error can be given, considering the error calculation is based on the maximum value of the derived from the function ) T ( F ν and the derived from higher order [3] in the interval of integration.
The function ) T ( F ν has consequently a term known by weight function, that is responsible for the singularity of derived and the higher orders derivatives from the function in point * T T = . Our interest is thus based on the decomposition of the function, so removing the singularity and to consider remains to it function for the numerical integral calculation.
The function under the sign square root in the expression (2) has a root * T T =
. We can show this result starting from the relation (3), when
This relation can be written by multiply and divide at the same time by T * T = .
In the obtained result, we did not prefer the Euclidean division for reason taking the general case independently of the interpolation of ) T ( C p .
Let us take the following variable change for aim to transform the interval [ ]
, and when 1 x = one obtains Ts T = . Consequently, the value s v can be obtained by the evaluation of the following integral in the interval [ ]
. We obtain:
In this relation, the temperature is given by the relation (5). The obtaining value of s v depends on s M and 0 T .
We can write from (7):
Then, the function ) x ( f has a finite value at 0 x = .
In the relation (7), the developed integration quadrature does not need to know the value of the function )
The function ) x ( f and the successive higher order derivatives )
, and in particularity at 0 x = . Then for 0 x = , one has: Considering the form of the function ) x ( f , one can say that the higher successive
= of an even nature reach the maximum value at
The suitable numerical integration quadrature is that of Gauss Legendre (GL) when the function to be integrated has a weight function ) x ( w form x . The general form of the quadrature is given by [3] :
The weight function does not intervened in the calculation of the right sum of the relation (10) . The integration points j n and the coefficients j b for N = 12 are presented in Table 1 . They are given starting from the positive roots of the odd Legendre polynomial of order 25 by the following relations [3, 8, 9 ]:
More details and extensive collection of tables of abscissas and weights for Gaussian quadrature formulas is contained in Ref. [8] .
To determine the quadratures of order N , it is necessary initially to determine the roots and the corresponding coefficients of the Legendre polynomial of order 2 N + 1, and used the {Eq. (11)} only for the positive roots to determine the considered quadrature.
In the general case, one interested to determine the value of the Mach number in the supersonic flow points. The obtaining of the PM function value is only a way for calculation.
is given, it is necessary to determine the correspondent value of * T T s < as solution of (6) The solution of the inverse problem of (6) is made by the use of the bisection algorithm [3] , with * T T s < (each value of 0 T has his correspondent value of * T [2] ). One can choose the beginning interval containing s T by 1 T = 0 K and * T T 2 = or 0 T . The value of s T can be given with a precision ε if the interval of subdivision number K is satisfy by the following condition [10] :
If ε = 10 -6 is taken, the number K can't exceed 32. In the first case, one calculate the value of * T as solution of (6) We know that in the zone of Kernel, there are infinite number characteristics which result from point A and reflect on the symmetry axis. In the calculation, if one want high precision, one choose high finite number of characteristics, which result of high time processing.
To minimize the time of calculation, it is necessary to choose a robust quadrature to evaluate the integral (6) , where s ν is replaced by incremented value of θ in the point A . Thus, this point is a discontinued point in parameters, where Table 2 presents the effect of the developed Gauss Legendre quadrature order on the convergence of the problem. The selected example is for 0 T = 3500 K and s M = 6.00. This example request for a raided order quadrature compared to the other values ( 0 T , s M ) for same desired precision.
RESULTS AND COMMENTS
The given quadratures results are always lower that the exact solution, ie. the convergence of the solution will take place in a monotonous way. We can deduce that only 12 points of the presented quadrature, the calculation gives as an accurary of 10 -6 .
Then, some is ( 0 T , s M ), one can use the quadrature of order N = 12 to the maximum to have the better precision with ε = 10 -6 . For the same example, the trapezoid and Simpson's quadratures with constant step request for a minimum number of points presented in Table 3 . For the trapezoid and Simpson's quadratures, one has to control of fixation of the digits decimal for wanted precision. Since the error relations of these quadratures does not give any information's on the minimum number of points which it is necessary to obtain the desired precision, considering the properties (4) .
One can have the same precision ε by using the trapezoid and Simpson's quadratures with a lower number of points that indicated in Table 3 , if the condensation of nodes [6] is used towards the point * T T = of the interval of integration [ s T , * T ].
In this case, the values given by the Simpson's quadrature are presented in Table 3 . For example, if ε = 10 -6 , we needs only 3436 points.
Of course, the evaluation of the PM function using the stretching function request some additional mathematical operations compared to that evaluated without condensation.
The values presented in the Table 4 demonstrates that, in our flow field calculation ( K 3500 T 0 < , 00 . 6 M s < ), the maximum order of the GL quadrature can't exceeds 12 to have an accurary better than 10 -6 .
If one take into account, the variation of ) T ( C p , the stagnation temperature influences the size of this function. The numerical values for some values of M and 0 T are presented in Table 5 .
The calculated PM function values for 0 T = 298.15 K can represent the values of the PM function, but calculated by using the HT model. For the case of γ = 1.402, the value are calculated by using the PG relations [7] .
Numerical calculation shows that there is difference in spite of low temperature. For example, when 0 T = 298.15 K and M = 3.00, we obtain an error ε = 0.006 %.
Between the PG and HT models, when 0 T is high, the errors is not negligible which is equal to ε = 9.70 % if M = 3.00 and 0 T = 2000 K [1] . The Table 6 presents some numerical values of Mach number when the correspondent value of the PM function is given. The aim of presentation of this Table is to determine the Mach number * M just after the expansion for the design of the supersonic nozzle for internal flow, or to determine the distribution of the Mach number on the surface of the supersonic pointed airfoil, for external flow.
For the case of PG model and HT model when 0 T = 298.15 K, one present the results by 6 digit decimals, to view clearly the deference between the two models for low temperature, because the error is letter compared to the case for high temperature, where one present only 3 digit decimals. 
